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Many structures and machines are made up from components (rods, beams and plates) which are
joined together by welds, bolts or rivets. The mechanical behaviour of such built-up systems is greatly
affected by the properties of their joints which are usually compliant and dissipative.

In this work, a general solution for the vibrational energy flows through a plane network of beams
is sought, based on the receptance approach. The joints between any two elements are assumed to
act at discrete points and are modelled by three sets of springs and dashpots, thus being compliant
and non-conservative in all the three degrees of freedom relevant to this case. The beams are assumed
to be slender and elastic, and the deflections at the joint are assumed to be small, so that conventional
linear beam theory may be used in the analysis. The aim of this study is to give greater insight into
the problem of non-conservative coupling, which has not been extensively discussed in the literature.
Interest is focused on the effect of damping in the joints on the magnitudes of energy flows between,
and energy levels in, each beam. Variations in the energy flows through a compliant joint between
two beams with changes in their coupling angle are also discussed. Numerical examples which
illustrate these various ideas are presented.

7 1997 Academic Press Limited

1. INTRODUCTION

The joint properties of built-up structures greatly affect their mechanical behaviour. In
many studies, however, the dynamics of assembled structures have been based on the
assumption of rigid joints. Among those who have adopted this approach are: Langley
[1], who adopted the dynamic stiffness method to find the mean power flow and stored
energy for a general framework with rigid joints; Shankar and Keane [2], who evaluated
the vibrational energies of a framework of beams using a receptance approach; Cuschieri
[3], who used the mobility approach to predict the structural energy flow through the joint
between two plates when rigidly coupled together; Goyder and White [4], who predicted
the vibrational energy flow from machines into built-up structures using the frequency
response characteristics of an equivalent infinite structure; Cremer et al. [5], who studied
the transmission of waves through rigid joints of different configurations to find wave
transmission coefficients; and Horner and White [6], who used the same approach to find
the wave transmission coefficients of vibrational power transmitted through rigid bends
in built-up structures.
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It is clear, however, that the joints in real structures are often compliant, and this may
greatly affect the behaviour of an assembled structure and the transmission of vibrational
power through its components. Davies [7, 8] studied the energy flows between two beams
coupled together where the joint had compliance in rotation, modelling this by a rotational
spring. Keane [9] studied a network of rods in an arbitrary configuration coupled together
by linear springs and derived expressions for the energy flow through the joints, based on
a receptance approach. Even so, these studies did not deal with dissipative joints.
Moreover, it has been shown in previous work [10] that the damping encountered at the
joints in real structures often dissipates more energy than the internal damping of the
components, and it has been long recognized that this characteristic may be employed
successfully in vibration control problems.

To overcome these limitations, a number of researchers have used spring and dashpot
models to represent dissipative joints and have found that a linear spring–viscous dashpot
combination is adequate for modelling such joints in many cases; see, for example, Gaul
[10] or Yoshimura and Okushima [11]. Interest has also been focused on the study of the
energy flow through dissipative joints and the way in which it is affected by the presence
of coupling damping; see Fahy and Yao [12] and Sun et al. [13]. These studies also
discussed the effects of coupling damping on the main energy balance equations of
Statistical Energy Analysis (SEA) [14] and suggested modifications to the subsystem
internal loss factors to take into account the presence of coupling damping. Recently,
Leung and Pinnington [15, 16] used the wave approach to analyze wave propagation
through a right-angled joint between two beams, where the joint was modelled by three
sets of springs and dashpots, which allowed compliance in the three degrees of freedom.
Their results show the effect of the presence of damping at the joint on the transmission
of energy, represented by the wave transmission coefficients. However, in that work it was
assumed that the beams were infinite in length, and solutions were not given for a general
joint configuration where the angle between the connected beams is arbitrary. Rook and
Singh [17] outlined a framework for the analysis of energy flow through compliant and
dissipative joints, based on the mobility and modal approaches. In their formula, the
structure is decomposed into three substructures where the joints were considered
non-conservative and compliant, again modelled by springs and viscous dampers.
However, their formulae are deduced only for finite-degree-of-freedom systems and are
only strictly accurate when using the entire modal basis, which is practically impossible
for any real structure, leading to modal truncation errors (although such errors may be
slight if sufficient number of modes are used for any given problem). The case of multiple,
non-conservatively coupled systems has also been studied recently by Beshara and Keane
[18], using a receptance approach. This method gives the energy flows in terms of the Green
functions of the uncoupled systems and the characteristics of the joints, which are assumed
to act at discrete points. However, the study was limited to the case of multiple rods, which
can only support longitudinal waves, and therefore a solution was not given for the general
case of a network of beams which can support multiple wave types.

In this paper that work is extended and expressions are presented for the energy flows
in a plane network of beams with compliant and dissipative joints, based on a receptance
approach, where the expressions are again written in terms of the receptance functions of
the uncoupled beams and the properties of the joints. Thus, the effect of the joint properties
on the energy flows can be efficiently investigated. Here the power dissipated at the joint
between two beams is studied and the conditions under which it is maximized are
highlighted. The effects of changes in the angle between the beams on the magnitudes of
the energy flows are also examined, and it is noted that the variation of energy flow with
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angle shows different patterns depending on the flexural and longitudinal modal densities
of the coupled beams.

It may additionally be noted that studies dealing with compliant joints also belong to
the field of ‘‘flexible-link mechanism’’ analysis. This field is still relatively little explored,
but is gaining increasing attention from industry, because such mechanisms have some
advantages over those with non-compliant joints [19], and this is therefore an important
and developing branch of mechanics. Howell and Midha [19] have developed a general
method for the design of compliant mechanisms and give a flowchart for the design
process.

2. THEORY

In this work, a plane network of beams with compliant and dissipative joints is analyzed
and general expressions for the energy flows, energy dissipations at the joints and the
energy levels of the beams are recovered, based on a receptance approach. It is assumed
that the joints between any two elements are massless and of small dimensions compared
with the beam elements, which they connect at discrete points. A compliant and dissipative
joint is modelled here by three sets of springs and dashpots, as in previous studies [15, 16].
The beams are assumed to be slender and elastic, and deflections at the joint are assumed
to be small, so that conventional linear beam theory may be used in the analysis. The joint
properties are also assumed to be invariant with frequency. The basic approach adopted
follows that already described by Beshara and Keane [18], and so only a summary of the
main results is provided here.

In the receptance approach, the overall structure is broken down at the joints into
substructures, and the effect of the joints is introduced by applying sets of coupling forces.
The fundamental model thus consists of substructures, each of which is subject to external
driving forces and coupling forces, with these latter quantities then being the unknowns
that must be determined. This is achieved through the use of compatibility conditions at
the joints, which allow a set of linear simultaneous equations to be set up that can then
be solved and from which the coupling forces can be recovered.

To illustrate this approach, consider a plane network of beams which consists of N
beams and M couplings. The beams have orientations u in the global co-ordinate system.
They are assumed to be thin, long, of homogenous material and to have uniform
cross-sections, so that Euler–Bernoulli theory is valid. Each beam a has length la and mass
per unit length ra . The damping ca is assumed to be viscous and proportional to mass.
Let {Y'a (x'1 )} be the vector of displacements at the point x'1 of beam a due to a vector of
harmonic forces {F'a (x'2 )} which acts at the point x'2 . The prime indicates that these
quantities are specified in co-ordinates local to the beam. Green functions for this beam
are then defined as follows

{Y'a (x'1 )}=[G'a (x'1 , x'2 )]{F'a (x'2 )}, (1)

where

[G'a (x'1 , x'2)]= &G'a,uu (x'1 , x'2 )
0
0

0
G'a,vv (x'1 , x'2 )
G'a,uv (x'1 , x'2 )

0
G'a,vu (x'1 , x'2 )
G'a,uu (x'1 , x'2 )'. (2)

The expressions for G'a,uu (x'1 , x'2 ), G'a,vv (x'1 , x'2 ), G'a,vu (x'1 , x'2 ), G'a,uv (x'1 , x'2 ) and G'a,uu (x'1 , x'2 ) are
available in closed forms for uniform beams for all boundary conditions.
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Figure 1. Local and global co-ordinates.

The vector of displacements of the beam in the global co-ordinates {Ya (x)} is related
to the vector of displacement in the local co-ordinates {Y'a (x')} through a transformation
matrix [T]a as follows:

{Y'a (x')}=[T]a{Ya (x)}, (3)

where [T] is defined for any beam as

[T]= & cos u

−sin u

0

sin u

cos u

0

0
0
1', (4)

and u is the angle between the local and global co-ordinates of the beam, as shown in
Figure 1. A similar relationship exists between the vector of forces in the local and global
co-ordinates, as follows:

{F'a (x')}=[T]a{Fa (x)}. (5)

Figure 2. The joint model, showing coupling springs and dampers aligned to the global co-ordinate system.
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Figure 3. Variation in R1 and gx and Kx for v=10 000 rad/s for the case of two beams at right angles coupled
in the x direction only. — — —, Kx =5×106 N/m; –·–·–·–, Kx =5×107 N/m; ····, Kx =5×108 N/m; ——,
Kx =5×109 N/m.

Therefore, the matrix of Green functions in global co-ordinates is given by

[Ga (x1, x2)]= [T]Ta [G'a (x'1 , x'2 )][T]a . (6)

Here the joint between any two beams is assumed to be compliant and dissipative in
the three degrees of freedom. Each joint is modelled by three springs of strengths Kx , Ky

and Ku , and three viscous dampers of strengths gx , gy and gu in the global x, y and u

directions, respectively, as shown in Figure 2. Let the joint i connect two beams, a and
b, at the points A and B, respectively. The vectors of displacements of the two ends A
and B are given, in global co-ordinates, as

{Y}Ai = 8uAi

vAi

uAi9 and {Y}Bi = 8uBi

vBi

uBi9. (7)

Coupling forces between the beams arise due to the relative displacements between the two
ends of the joint. If the dimensions of the joint are small compared to the length of the
beams, then the vector of coupling forces which acts at the end B can be given as

{P}coup =[V]i{{Y}Ai − {Y}Bi}=[V]i{DY}i , (8)

while the same forces act on the end A but in the opposite direction. [V]i is a diagonal
matrix which has the joint complex stiffness as its diagonal elements. These coupling forces
are the main unknowns in the receptance method that need to be determined. They are
found through the introduction of suitable compatibility conditions. If {Y}A0 and {Y}B0 are
the displacements of the points A and B of the beams when uncoupled and due to external
forcing only, then superposition requires that the displacements at A and B of the coupled
structure be equal to these displacements plus those due to the coupling forces which act
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at the joint. These conditions can be written as follows:

{Y}A = {Y}A0 − [G]A{P}coup = {Y}A0 − [A]A{DY}, (9)

{Y}B = {Y}B0 + [G]B{P}coup = {Y}B0 + [A]B{DY}, (10)

where

{A}A = [G]A[V] and [A]B = [G]B[V]. (11)

From these last two equations, the vector of the relative displacements and therefore the
vector of coupling forces can be written in terms of the vector of the relative displacements
{DY}0 as follows:

{DY}=[D]−1{DY}0 and {P}coup =[V][D]−1{DY}0, (12)

where [D] is given by

[D]= [I]+ [A]A + [B]B. (13)

Once the coupling forces are determined, it becomes possible to determine the
displacements at any point in the system due to external forcing in terms of the
displacements (and therefore Green functions) of the uncoupled systems. It should be
noted that the dimension of the matrix [D] is 3M and so depends only on the number of
joints in the structure.

2.1.       

The energy flow through a joint may be calculated from the product of force or moment
and the velocity or angular velocity at the joint. The energy flow that enters joint i at end
A through the horizontal, vertical and rotational springs, for example, is found to be given
by

{P}coup Ai = s
3N

a=1

{H}AiaSFaFa , (14)

where

{H}Aia =Re 6iv[V]i$[([I]+ [A]B)*= [A]*A ]$[D]−1

[0]
[0]

[D]−1%
*

%i

×[gf]*a [gf]Ta$$[D]−1

[0]
[0]

[D]−1%
T

[[A]B = ([I]+ [A]A)]T%i

+[g]iv2$[([I]+ [A]B)*= [A]*A ]$$[D]−1

[0]
[0]

[D]−1%
*

%i

×[gf]*a [gf]Ta$$[D]−1

[0]
[0]

[D]−1%
T

[([I]+ [A]B) =[A]A]T%i7, (15)

where the matrix [gf] contains the integrals of the Green functions and forces taken over
the individual subsystems and SFaFa is the spectrum of the forcing acting on a subsystem,
which is assumed to be spatially incoherent and also incoherent between subsystems. The
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energy flow that enters joint i at end B through the horizontal, vertical and rotational
springs is derived similarly.

The energy dissipated at the joint is then deduced from an energy balance at the joint
as follows:

{P}DCi = {P}coup Ai + {P}coup Bi . (16)

Therefore

{P}DCi = s
3N

a=1

{H}DCiaSFaFa , (17)

where [H]DCia denotes the energy dissipated at joint i due to forcing on subsystem a and
is given by

{H}DCia = {H}Aia + {H}Bia . (18)

2.2.  

The input power due to forcing on subsystem a is calculated from the diagonal elements
of the product of the vector of force applied to the subsystem and the vector at the point
of application. The input power into subsystem a is found to be given by

{P}INa =[H]INa,diag [SFaFa ], (19)

where the input power receptance is given by

[H]INa =−v Im 6gg
a

[Ga (xi , xj )faa (xi , xj )] dxi dxj

2 s
M

l=1

s
M

m=1 gg
a

[[Ga (x, xl )][[V]l [D]−1
lm [Ga (xm , y)][faa (x, y)] dx dy7 (20)

and faa describes the spatial variation of the driving force.

2.3.  

If the vector of energies leaving the subsystems is denoted by [P]OUT, then this vector
can be related to vector of energies flowing through the coupling systems at the ends A
and B {{P}coup A /{P}coup B} by the relation

{P}OUT = [CON]6{P}coup A

{P}coup B7 (21)

where the elements of the connectivity matrix [CON] are either 1 or 0 and define the
topology of the overall system. Hence the energy dissipated within each subsystem due to
damping can be easily deduced from the energy balance for each subsystem as follows:

{P}DISS = {P}IN − {P}OUT. (22)

Finally, the energy levels for each subsystem can be related to the energy dissipated due
to damping by the well known relationship

{E}=[c]−1{P}DISS, (23)
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where [c] is the diagonal matrix of damping constants of each subsystem, and the damping
of each subsystem is assumed to be viscous and proportional to mass per unit length.

3. EXAMPLES

3.1.  

It is commonly the case that the joints in a built-up structure dissipate more energy than
material damping does [10]. It is therefore of interest to see the effects of variations in joint
damping on the magnitudes of the energy transferred, or dissipated within, each subsystem.

Consider two free–free beams at right angles connected together by three springs and
three dampers in the three degrees of freedom. Beam 1 is horizontal and beam 2 is vertical;
the parameters adopted for this supply are given below in Table 1 (case b, low bending
rigidity). The first beam is excited by a harmonic force at the end away from the joint.
Let Zx =Kx /v+igx be the joint impedance in the x direction, Zy =Ky /v+igy be the joint
impedance in the y direction and Zu =Ku /v+igu be the joint impedance in the u direction.
If CB represents the bending wave speed, the dimensionless ratios Z
 x =Zx /(r2CB2),
Z
 y =Zy /(r1CB1) and Z
 u =(CB1Zu )/EI1 are then the ratios of the bending wave impedances
and the impedances of the joint. In what follows, R1 denotes the ratio of the power
dissipated at the joint to the power transferred to the undriven beam and R2 denotes the
ratio of the power dissipated at the joint to the power input by the external forcing. These
ratios are very small when the joint damping is either very weak or very strong: in the first
case, because the damper is too weak to have much effect and, in the second, because the
damper is so stiff that it is hardly deflected [20]. It is therefore expected that these ratios
are maximized for certain levels of the coupling damping.

3.1.1. Two beams at right angles coupled in the x direction only
First, beam 1 is driven by a horizontal (axial) force at the end away from the coupling

which, being only in the x direction, excites just the flexural modes of beam 2. The
expressions for the energy receptances in this case can be given as follows:

HB11 =−v
=Vx =2
=D =2 Im {G'2,vv (x'B, x'B)}=G'1,uu (x'0 , x'0 ) =2, (24)

HDC =
gxv

2

=D =2 =G'1,uu (x'0 , x'0 ) =2 (25)

and

HIN1 =−v Im 6G'1,uu (x'0 , x'0 )−
Vx

D
(G'1,uu (x'A, x'0 ))27, (26)

where

D=1+Vx (G'1,uu (x'A, x'A)+G'2,vv (x'B, x'B)). (27)

From these expressions it can be shown that the ratio R1 increases as gx increases, until
it reaches a maximum level when gx =Kx /v, after which it begins to fall again: see Figure 3.
This figure also shows that for a weak spring the ratio R1 is at high levels and drops as
the spring strength increases; until it becomes very low for strong springs, as might be
expected. In Figure 4 is shown the variation of the ratio R2 with the damper strength gx

for increasing values of the spring strength Kx while the frequency v is constant. It is seen
that for a very strong spring, the maximum ratio R2 also occurs when g2 =Kx /v. However,
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Figure 4. Variation in R2 with gx and Kx for v=10 000 rad/s for the case of two beams at right angles coupled
in the x direction only: key as Figure 3 (curves for Kx =5×106 N/m and Kx =5×107 N/m superimposed).

it is then very small because the damper is virtually blocked and unable to dissipate much
energy. For the case of a weak spring, the ratio R2 is higher but becomes maximum at
values gx that depend on the spring stiffness (and also the frequency).

In Figure 5 is shown the variation of the ratio R2 with the driving frequency v for
increasing values of the damper strength gx while the spring stiffness is constant and weak.
It transpires that R2 always drops at the flexural natural frequencies of the undriven beam,
because the absolute values of the dissipated power at the joint is at minimum level at these
frequencies, since D—which occurs solely in the denominator of equation (25)—is then

Figure 5. Variation in R2 with v and gx for Kx =105 N/m for the case of two beams at right angles coupled
in the x direction only. - - - - gx =102 Ns/m; –·–·–·–, gx =103 Ns/m; ····, gx =104 Ns/m; ——, gx=105 Ns/m.
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Figure 6. Variation in R2 with the impedance ratio Z
 x and Kx for v=10 000 rad/s for the case of two beams
at right angles coupled in the x direction only: key as Figure 3.

maximized (see equation (27)). In Figure 6 is shown the variation of the ratio R2 versus
the impedance ratio Z
 x when the damper strength is varied for a constant value of the
driving frequency v. It is clear that the value of the maximum ratio R2 depends on the
value of the spring strength Kx and that for a weak spring this maximum ratio yields
impedance ratios Z
 x close to unity.

Figure 7. Variation in R1 with gy and Ky for v=10 000 rad/s for the case of two beams at right angles coupled
in the y direction only. - - - -, Ky =5×106 N/m; –·–·–·–, Ky =5×107 N/m; ····, Ky =5×108 N/m; ——,
Ky =5×109 N/m.
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Figure 8. Variation in R2 with gy and Ky for v=10 000 rad/s for the case of two beams at right angles coupled
in the y direction only: key as Figure 7.

3.1.2. Two beams at right angles coupled in the y direction only
In this case beam 1 is driven by a vertical (transverse) load and the coupling, being only

in the y direction, excites just the longitudinal modes in beam 2. The expressions for the
energy receptances in this case are

HB11 =−v
=Vy =2
=D =2 Im {G'2,uu (x'B, x'B)}=G'1,vv (x'0 , x'0 ) =2, (28)

HDC =
gyv

2

=D =2 =G'1,vv (x'0 , x'0 )=2 (29)

and

HIN1 =−v Im 6G'1,vv (x'0 , x'0 )−
Vy

D
(G'1,vv (x'A, x'0 ))27, (30)

where

D=1+Vy (G'1,vv (x'A, x'A)+G'2,uu (x'B, x'B)). (31)

As in the previous case, it can be shown from these expressions that the ratio R1 increases
as gy increases until it reaches a maximum level when gy =Ky /v, after which it begins to
fall again: see Figure 7. This figure also shows that for a weak spring the ratio R1 is at
high levels and drops as the springs strength increases, again as might be expected. In
Figure 8 is shown the variation of the ratio R2 with the damper strength gy for increasing
values of the spring strength Ky while the frequency v is constant. Again, it is seen that
for a very strong spring, the maximum ratio R2 occurs when gy =Ky /v but is then very
small. For the case of a weak spring, the ratio R2 takes higher levels, but once more
becomes maximum at values of gy which depend on the spring stiffness and frequency.

In Figure 9 is shown the variation of the ratio R2 with the driving frequency v for
different values of the damper strength gy while the spring stiffness is constant and weak.
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Figure 9. Variation in R2 with v and gy for Ky =105 N/m for the case of two beams at right angles coupled
in the y direction only: key as Figure 5.

Here again the ratio R2 is maximized for certain values of gy and the dissipated power at
the junction is then 80–90% of the input power. This means that by the careful selection
of the damper strength, given a suitable coupling spring, it is possible to arrange for the
bulk of the input power to be dissipated at the damper, an idea which is employed in many
vibration control problems. Note that because the natural frequencies of the axial modes
of the undriven beam lie well beyond the frequency range of interest here, R2 does not show
any marked dips, instead varying rather smoothly over the frequency range of interest.

Figure 10. Variation in R2 with the impedance ratio Z
 y and Ky for v=10 000 rad/s for the case of two beams
at right angles coupled in the y direction only: key as Figure 7.
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Figure 11. Variation in R1 with gu and Ku for v=10 000 rad/s for the case of two beams at right angles
coupled through the rotational spring only. - - - -, Ku =5×103 N s m; –·–·–·–, Ku =5×104 N s m; ····,
Ku =5×105 N s m; ——, Ku=5×106 N s m.

When the ratio R2 is plotted against Z
 y , the result is similar to that in Figure 6, which
shows that for a weak spring the optimum value of gy is again associated with a value of
Z
 y in the proximity of unity: see Figure 10.

3.1.3. Two beams at right angles coupled through a rotational spring only
Next, beam 1 is driven by a moment and the coupling again excites only the flexural

modes in beam 2. The expressions for the energy receptances in the case are

HB11 =−v
=Vu =2
=D =2 Im {G'2,uu (x'B, x'B)}=G'1,uu (x'0 , x'0 ) =2, (32)

HDC =
guv

2

=D =2 =G'1,uu (x'0 , x'0 ) =2 (33)

and

HIN1 =−v Im 6G'1,uu (x'0 , x'0 )−
Vu

D
(G'1,uu (x'A, x'0 ))27, (34)

where

D=1+Vu (G'1,uu (x'A, x'A)+G'2,uu (x'B, x'B)). (35)

Here also, the ratio R1 increases as gu increases, until it reaches a maximum level when
gu =Ku /v and then begins to fall again: see Figure 11. It is also smallest for a strong spring.
The variation of the ratio R2 with the damper strength has a behaviour similar to that in
the previous two cases: see Figure 12. In Figure 13 is shown the variation of the ratio with
the driving frequency v for increasing values of the damper strength gu while the spring
stiffness is constant and weak. It is seen that R2 drops at the flexural natural frequencies
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Figure 12. Variation in R2 with gu and Ku for v=10 000 rad/s for the case of two beams at right angles coupled
through the rotational spring only: key as Figure 11.

of the undriven beam, which is similar to the case of two beams coupled in the x direction
only.

3.2.           

      

The final case considered here deals with two free–free beams coupled by three springs,
where the coupling is conservative and weak. The first beam is excited by a harmonic force

Figure 13. Variation in R2 with v and gu for Ku =100 N s m for the case of two beams at right angles coupled
through the rotational spring only. - - - -, gu =0·1 N m s2; –·–·–·–, gu =1 N m s2; ····, gu =10 N m s2; ——,
gu =100 N m s2.
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Figure 14. Variation in energy flow with v and the angle between the two beams when energy transfer is
dominated by axial modes and the first beam is subject to a vertical (tranverse) load (case a): Kx =Ky =107 N/m,
Ku =103 N s m. - - - -, u=90°; –·–·–·–, u=54°; ····, u=36°; ——, u=180°.

at the end away from the coupling. Two sets of physical parameters are used: in the first
the bending stiffness is large so that the modal density of flexural modes is small compared
to that of axial modes; and in the second the reverse is true and there are then more flexural
modes than axial modes. These properties are detailed in Table 1. The angle between the
beams, u, takes the values 36°, 54°, 90° and 180°, with beam 1 being kept horizontal
throughout.

In the first set of examples, beam 1 is excited by a vertical (transverse) load. It is noted
that for the case of two beams in parallel, the energy flow is entirely due to the flexural
modes. When the bending stiffness is large, so that the modal density of the flexural modes
is small (case a), the energy flow is then at minimum levels. As u increases, the energy flow
increases and reaches maximum levels when the beams are at right angles. In this case the
axial modes are responsible for the bulk of energy flow with the peaks occurring at the
natural frequencies of the axial modes of the undriven beam, as might be expected: see
Figure 14. This result is in agreement with that shown by Horner and White [21], which

T 1

The parameters used in the examples

Parameter Beam 1 Beam 2 Units

Mass density, r 56·16 39·78 kg/m

Length, l 1·200 1·00 m

Damping strength, h 0·01 0·01 —

Rigidity, EA Case a 1·512×107 1·071×109 N
Case b 1·512×109 1·071×109 N

Bending rigidity, EI Case a 18·144×107 8·925×103 Nm2

Case b 18·144×103 8·925×103 Nm2
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Figure 15. Variation in energy flow with v and the angle between the two beams when energy transfer is
dominated by longitudinal modes and the first beam is subject to a vertical (transverse) load (case b): key as
Figure 14.

was derived using semi-infinite beams and a wave approach. On the other hand,
when the modal density of the flexural modes is large (case b), the energy flow
when the beams are parallel is entirely dominated by the flexural modes (with peaks
at their natural frequencies). For other values of u, the axial modes then have very
little effect on the overall energy flow. Moreover, as u increases the energy flow
decreases, and reaches minimum levels when the beams are at right angles: see
Figure 15.

Figure 16. Variation in energy flow with v and the angle between the two beams when energy transfer is
dominated by axial modes and the first beam is subject to a horizontal (axial) load (case a): key as Figure 14.
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Figure 17. Variation in energy flow with v and the angle between the two beams when energy transfer is
dominated by longitudinal modes and the first beam is subject to a horizontal (axial) load (case b): key as Figure
14.

In the second set of examples, beam 1 is excited by a horizontal (axial) force. When the
beams are parallel the axial modes transfer all the energy through the horizontal spring
with peaks at the natural frequencies of the axial modes of the two beams. When the modal
density of the axial modes is large compared to the modal density of the flexural modes
(case a) the energy flow is maximum when the two beams are in parallel. It then decreases
as the angle u increases, until it reaches minimum values when the two beams are at right
angles with peaks at the natural frequencies of the flexural modes of the undriven beam:
see Figure 16. This result also agrees well with those given by Horner and White [21] for
semi-infinite beams. In this set of examples when the modal density of the axial modes is
small compared to the modal density of the flexural modes (case b), the energy flow is
minimum for the case of two beams in parallel. It then rises as the angle increases, until
it reaches maximum levels when the beams are at right angles, with peaks at the natural
frequencies of the flexural modes of the undriven system: see Figure 17.

Note that in all of these cases the peaks in the curves occur at the natural frequencies
of the underlying subsystems, because the couplings are weak and their resonances are then
little affected by the action of the couplings.

4. CONCLUSIONS

Exact expressions for the energy flows through a plane network of beams have been
derived based on a receptance approach, assuming the joints to be compliant and
dissipative, and where each is modelled by a spring and viscous damper. An example
consisting of two beams at right angles has then been considered, and the dissipation of
power at the joint studied when the beams are connected throught the x, y and rotational
degrees of freedom, respectively. It is shown that the ratio of the dissipated power at the
joint to the energy transmitted to the undriven subsystem is maximized at certain values
of the damper strength which depend on the driving frequency and the coupling spring
strength. This ratio is small for either small or large values of the coupling damping. By
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selecting the correct value of coupling damping, it is possible to arrange for most of the
energy injected into the system to be dissipated in the joint. However, when the coupling
spring is stiff, only a small amount of energy is dissipated at the joint regardless of the
damper strength, as might be expected. It is also shown that in the case of weak coupling,
the wave impedance to joint impedance ratio is a good measure of when the joint is able
to dissipate maximum energy.

The variation of energy flow through a joint with the angle between two beams has also
been studied. It is shown that it is heavily dependent on the longitudinal to flexural modal
density ratio of the connected beams. If the flow of energy is dominated by the longitudinal
modes (high longitudinal modal density compared to flexural modal density), then the
energy flow due to a flexural incident wave will be a minimum when the beams are in
parallel and will increase until it becomes a maximum when the beams are at right angles.
Conversely, the energy flow due to a longitudinal incident wave is a maximum when the
beams are in parallel and decreases until it is minimized when the beams are at right angles.
On the other hand, when the flexural modal density is large compared to the longitudinal
modal density, then the pattern of behaviour is reversed; i.e., the energy flow due to a
flexural incident wave is minimum when the beams are at right angles and maximum when
they are in parallel, while the energy flow due to a longitudinal incident wave is minimum
when the beams are in parallel and maximum when they are at right angles. These results
agree well with those presented by Horner and White for a wave model of two semi-infinite
beams joined together.
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